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On Certain Properties of Symmetric, Skew Symmetric, 
and Orthogonal Matrices. 

By W. H. Metzleb. 



§ 1 . — Introduction. 

In the Proceedings of the London Mathematical Society (Vol. XXII, Nos. 
427, 428), Dr. Henry Taber has proved the following theorem : A real symmetric 
matrix less one of its multiple latent roots has a nullity equal to its vacuity. 
He also states and proves that this same property is characteristic of real skew 
symmetric and of real orthogonal matrices, that the latent roots of a real skew 
symmetric matrix are either zero or pure imaginary, and that the modulus of 
every latent root of a real orthogonal matrix is equal to unity. The method 
employed by Dr. Taber is an extension of that given by A. Buchheim in the 
Mess. Math. ((2), Vol. XIV). By employing a different method I shall prove 
the same properties of these matrices. 

In addition, I shall give a representation of an orthogonal matrix which 
admits of both + 1 and — 1 as latent roots, and which at the same time contains 
a number of arbitrary parameters. 

In what follows I shall consider only real matrices, so that when speaking 
of a matrix it will be understood that a real matrix is meant. 

§2. — Symmetric Matrices. 

It is a well-known theorem that the latent roots of a symmetric matrix are all 

real. Suppose the symmetric matrix $ has as latent roots g x , g 2 g„ occurring 

Pi, Pz p s times respectively, then it is also well known that every first minor 

of the content of <£ has as roots g x , g % g s occurring p x — 1 , p 2 — 1 , . . . . p, — 1 

times respectively, and generally every A th minor of the content of <p has as 
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roots g lt g%, . . . . g e occurring p x — X, p % — A, ... . p s — /I times respectively.* 
The latent roots of the matrix (<p — g x ) will then, according to the law of latency, 

be 0, g 2 — g x g e — g x occurring Pi,p%, ... . p s times respectively; that is, 

(4> — 9\) has a vacuity p x . Obviously every minor of the content of (<£ — g x ) up 
to the (pi — l) st is vacuous and therefore (<£ — g x ) has a nullity p x . 

§3. — Shew Symmetric Matrices. 

The latent function of a skew symmetric matrix of even order may be 
written in the form 

a; 2 " + S^fa; 8 ' 1 - 2 + 2^ 2 "- 4 + + XAl _ x a? + A* n , 

where the exponents are all even and the coefficients are all positive; conse- 
quently if A^d^.0, the roots of this function are all imaginary. If A\ = Q, 

S^ 2 _! = 0, 2J*_, = • 24 2 _ A + 1 = 0, but 24, _a 4:0, then the latent 

function becomes 

« 2A K"- 2A + SAtf"-"-' +....+ 2Ai_ x \, 

and therefore 2X of the roots are zero and the remainder are imaginary. If the 
order of the matrix is odd, then there is at least one latent root zero since its 
determinant vanishes, and as in the case of even order, the roots are either zero 
or imaginary. But the square of a skew symmetric matrix is a symmetric 
matrix, and since the latent roots of the square of a matrix are the squares of 
the latent roots of the matrix, we see that the latent roots of the skew sym- 
metric matrix must have been all pure imaginary to have their squares real. 
Consequently the latent roots of a skew symmetric matrix are either zero or 
pure imaginary. 

Suppose the skew symmetric matrix $ has as latent roots 

gii occurring p x times, 

-9ii " Pi " 

g 2 i " p K " 

— 9# " Pz " 
etc., etc. 



* Vide Burnside and Pan ton, Theory of Equations, 2d ed., art. 129, examples 82 and 83. 
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Then ($ — g-j) is a skew matrix whose latent roots are 

occurring ft times, 
— 2 9l i " Pl " 

(9» — 9i)i " ft " 

-(9* + 9i)i " ft " 

etc., etc. 

Also (<J> 2 + gX) is a symmetric matrix whose latent roots are 

occurring 2ft times, 

-gl + gl " 2^ " 

etc., etc. 

Again, N v [$ — #ii]<ft, where N y [<p]<h means "<p has a nullity equal to 
or less than k" ; N y [$ 2 + g\\ = 2ft, (<£ 2 + $) being asymmetric matrix, and 
therefore, as we have shown, has a nullity equal to its vacuity; 

But tf + g\ = (4> - 0iO(* + sv) - 

and therefore N y [<p — g x {] =ft , 

and &yll> + gi*\=Pi, 

since the product has a nullity 2ft and each of the factors a nullity at most equal 
to ft. The vacuity of (<£> — g 1 i) is ft, and therefore a skew symmetric matrix 
less one of its latent roots has a nullity equal to its vacuity. 

§4. — Orthogonal Matrices. 

If $ is an orthogonal matrix, then the content of $ is equal to plus or 
minus unity and $$ = cp(p = 1 , where ^ is the transverse of <J> ; 



-i 



Let the latent roots of <£, which are the same as the latent roots of $ , be g l , g % ,. . . g t 
occurring ft, ft, ....ft times respectively. The roots of $ -1 will be 
gl 1 , gl 1 gT 1 occurring ft, ft, p, times respectively. But the equa- 
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tion <p = 4» -1 shows that the latent roots of 4> -1 are the same as the latent roots 
of $, and consequently the same as the latent roots of $. 
Two possible cases present themselves, 

!)• fl , A = 5T 1 and .-. g K =. ± 1, 
2)- fl^flT 1 . 

If then <fr is a latent root ^i times, <?f 1 will also be a latent root p x times. 
Since the product of all the latent roots of 4> is equal to =b 1 , we see that if 
the order of the matrix is odd, at least one of its latent roots must be ±1. We 
may therefore take the roots of <p to be 

<7i occurring pi times, 
9T 1 " Pi " 
9* " P% " 

9T 1 " P* " 
etc., etc., 

where g K may be equal to gT 1 * 

The latent roots of the symmetric matrix ($ + ^) are 

rj = g x -J- g- 1 occurring 2p x times, 
r 2 = g, + ST 1 " 2 A " 

r 3 = g 3 + gv 1 " 2^3 " 
etc., etc., 

all of which are real. 

The product ($ — £,)($ — ft) = $$ — ft (4> + $) + g\ — 1 + $ - ft {$ + $) 
is a symmetric matrix whose latent roots are 

occurring 1p x times, 

l + ri-fcfo + flT 1 ) " 2^ 2 " 
etc., etc. 

* That the orthogonal matrix <l> is symmetric when its latent roots are all real (i. e. equal to ± 1) 
may be shown as follows : 

The matrix (<p — f) is skew symmetric, having as latent roots — , " , etc., occurring 

ffi Qz 

2pi, 2p 2 , etc., times respectively. But if the latent roots of <t> are real, then all the latent roots of 

(0 — £ ) are zero. The sum of the products of the latent roots, two at a time, is equal to the sum of the 

principal minors of order two of the content of ^, and consequently we have 2 (ft., — ft,) 2 = 0, where ft, 

is the constituent of ^ in the rth row and sth column, 

• •• &-,=ftr: 
that is, <p is symmetric. 



278 
Again, 

but 



Metzler : On Certain Properties of Symmetric, 



9i 



9i-i_ 



ffl 



= 7i x i, 



N v[^ — 9il<Pu 
N vlf — 9i]<Pi', 
tf* [(<*>-</.)(? -<7i)]= 2^;* 
••• X V [_<P ~ 9i~\ = Xyte — 9l]=Pl- 

The vacuity of (4> — gj is p x , and therefore an orthogonal matrix less one of its 
latent roots has a nullity equal to its vacuity. 

The matrix (<£> — ^>) is skew symmetric, having as latent roots 2l f 2? — ± ( 

. 9i ' 9a ' 

etc., which are either zero or pure imaginary. 

We have then 

where hi is real, therefore 
and 

•'• f -«f J + f -y- J = 1 ; that is, the modulus of g x is unity, and similarly the 
modulus of each of the #'s is unity. 

The Representation of an Orthogonal Matrix. 
The representation of an orthogonal matrix in terms of — i '- arbitrary 

It 

quantities was given by M. Hermit as follows : 



r, h . 

r L _h ] _ ■_ J_ 
2 2 l ~ 9l 



*=( 2 Ai - A ft 
A A 



ft 
A 

ft 
A 



ft 



2 A 



ft 
A 

ft 
A 

ft.- 



)t 



*The matrix l + ff? — ffi (0 + ?) = 0i{»"i — (0 + 0)} ^V 1 though symmetric, is not a real matrix 
unless g t is real. It is, however, obviously true that f less either of its latent roots has a nullity equal 
to its vacuity. 

fCamb. and Dub. Math. Jour., Vol. IX (1858), p. 63 ; vide Salmon, Higher Algebra, art. 44. 
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where fi n , ft 2 , etc., are the minors of the arbitrary skew determinant 



A = 



1 612 ©is • • • • 1 

o 12 1 o 23 . . . . , 

613 O.33 1 . . . . , 



If 4- denotes the skew symmetric matrix 
( 






&12 


&13 


&12 





^23 


— &13 


— &23 






. ) 



then we easily find that 

$>= 2/Aj^ + ^j- + 1 if ^ is of 3 d order, 

4>=2/A|^ + 4- 2 + ^ 3 + i|/(A— 1— <&)— d 2 } + 1, where 

d 2 = (b 12 b 3i — b 13 b n + b u b is y if f is of 4 th order, 

etc. 

Another representation of an orthogonal matrix in terms of an arbitrary 
skew symmetric matrix is the following : 

1+^* 



<?> = 



1— ^ 



I shall now show that these two representations are virtually the same. 
The matrix 

(1-4,)= ( 1 -b lz -&„...., ) 

©12 1 O23 .... 



-"23 



(l_^)-i=l/A( ft, ft, ft 3 
fti P22 P23 

ftl P32 P33 



- ) 



37 



Prof. Cay ley, Philosophical Trans., 1858. 
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and 



= (l+^)(l-^)-i = l/A( 


1 

— &12 

— &13 


b n 6 13 . . . . , ft p u p 12 P13 . . . . , 

1 2 3 . • • . , P21 P22 P23 • • • • 1 
O23 1 . . . . , P31 P32 P33 . . . . , 









- 



:l/A( p\ 1 +& 12 &i+&i3&i 

— &i2p\i + Pa + &23I&11 

— ^13^11—^23^21 + A)1 



Pl2 "T 012p22"T" O13P32 
•&12P12+ P22+ &23p32 
' *13pl2 023P22 +P32 



p\s + &U&8 + &13/?33 
012pl3"f" P23+ O23P33 
13 pi 3 023P23+ P33 



,) 



2 A 


A 


9 p\a „ &3 

2 a 2 a: 


2 &i 
2 A 




^ A 2 A 


2 &x 

2 a: 




&» ^33 — A 

2 A 2 A •••' 





These representations fail for the case of an orthogonal matrix having both 
+ 1 and — 1 as latent roots. 
If we take 



fe = 09 = 0/ A ( 20„ - A 2p\ 2 2p\ 3 

2/?21 2p\ 2 -A 2&3 

2(3 31 2/? 32 2ft, — A 



,) 



where 



= 



(b u 
b Vi 







*33 



) and b u = ± 1 , 

&22 = ± 1 . 

633 = ± 1 , 

etc. 



we will obviously have a matrix satisfying the conditions of orthogonality, and 
which includes ty as a special case. 
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Taking as an example a matrix of the 3 d order, we have 

1 4>i + 1 1 = hiKhz + ^r \.KK\ (2ft 3 — A)(2ft 2 — A) — ^j^ \ 

+ b n bn\W u - A)(2ft 2 - A) - 4/^ft, f 
+ &,,&»{ (2ft, - A)(2ft 3 - A) - 4ft 3 ft, [] 
+ ^-[633(2^33- A) + & 22 (2/3 22 - A) + M2&1-A)] + 1 

= M22&33 + -tf [(M 2 2 + &11&33 + M 3 3)(4A +A 2 ) — 2A^ 22 J 33 (ft 2 + ft 3 ) 

+ M22 (ft x + ft,) + M33 (ft, + ft,)f] 



+ "X [2 Wu + M22 + M33) - A (6 + 6 22 + J33)] + 1 , 



and 



1 4>i — 1 1 = 6u**A» — ^2 [(M22 + M33 + 6»&m)(4A + A 2 ) — 2A{ & 22 J 33 (ft, + ftg 

+ buhn (fti + ft 2 ) + b n b 33 (ft, + fts) f ] 

+ -5- C 2 Mn + bA + &wft») - A (b n + 6 22 + J 33 )] - 1 . 

These results give 

I <p x + 1 1 = for b n = 6 22 = 633 = — 1 or b n = — 1 and 6 22 = J33 = 1 ,* 
|^_1|=0 " b u =b i2 =b 33 = 1 " 6 U = 1 " b n = b 33 = — 1* 

Sb 2 
l4»i + 1 1 = -^ for b n — b i2 = — 1 and 6 33 = 1 , 

8 A 2 
= -^ " b u =b 33 = — l and 6 22 = 1, 

= -tt " b 22 =b 33 = -l and *>„ = 1, 



*It is obvious that | ^ 1 +1 I =0 for b 22 = — 1 and 6,, = 6 33 =z 1, and for 6 33 =z — 1 and &n =6 22 =1, 
as well as for the case given. Similarly in case of | <Pi — 1 j . 
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and 

8 J 2 
|<fr — 1 1 = — -£■ for b n = b n = 1 and b^ — — 1 , 



86| 
A 



= x 5 " &u= 6,3 = 1 and b K — — 1 , 



8Z> 2 
_ _p „ ^ 2 = 5^= i and 6 U = — 1 . 

The matrix fa is therefore such that both + 1 aa d — * are latent roots, 
provided one of the constituents of 4> vanish. 
Similarly for matrices of higher order. 

Clark University, June 1, 1892. 



